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Abstract
We show that if a periodic knot K in the 3-sphere yields a Seifert fibered manifold by Dehn
surgery, then the quotient of K by the group action generated by any periodic map of K is a torus
knot, except for a special case.
We also consider what Seifert fibered manifolds are obtained by Dehn surgery on periodic knots.
If a non-torus, periodic knot yields a Seifert fibered manifold M , then the base space of M is the
2-sphere; and some pair of exceptional fibers in M has indices coprime provided that M contains at
most three exceptional fibers.  2002 Elsevier Science B.V. All rights reserved.
AMS classification: Primary 57M25, Secondary 57M50; 57M60; 57N10
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1. Introduction
A knotK in S3 is called a periodic knot with period p if there is an orientation preserving
homeomorphism f :S3 → S3 such that f (K) = K , f p = id (p > 1), Fix(f ) = ∅, and
Fix(f ) ∩K = ∅, where Fix(f ) is the set of fixed points of f . By the positive answer to
the Smith conjecture [15], f is a rotation of S3 about the unknotted circle Fix(f ). So by
taking the quotient S3/f , we obtain S3 = S3/f and a new knot Kf =K/f . We call Kf
the factor knot of K with respect to f . Fig. 1 illustrates that a factor knot of the figure eight
knot (respectively a granny knot) is a trivial knot (respectively a trefoil knot).
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Fig. 1.
For a knot K in S3, we denote by (K; r) the result of r-Dehn surgery on K , where
r ∈ Q ∪ {∞}. Thus, (K; r) is obtained by gluing a solid torus V to X = S3 − intN(K)
along their boundaries so that an essential simple loop in ∂X parametrized as r in the
usual way [17] bounds a disk in V . In this paper, we consider what periodic knots can
yield Seifert fibered manifolds by r-Dehn surgery (r = ∞), and what Seifert fibered
manifolds can be obtained by Dehn surgery on periodic knots. Regarding periodic knots
with period greater than 2, [14, Theorem 1.5] together with a partial solution to the orbifold
geometrization conjecture [1,2] shows the following theorem. We remark that a trivial knot
is considered to be a torus knot in the present paper.
Theorem 1.1 (Added-in-proof in [14]). Let K be a periodic knot in S3 with period p > 2.
If (K; r) (r =∞) is a Seifert fibered manifold, then K is a torus knot or a cable of a torus
knot.
The assumption “p > 2” cannot be removed. For example, the figure eight knot and
a connected sum of two equivalent torus knots yield Seifert fibered manifolds by Dehn
surgery. However, factor knots of these knots are torus knots (cf. Fig. 1). In fact we shall
prove that this is the case except for a special case.
Theorem 1.2. Let K be a periodic knot in S3 which is neither a torus knot nor a cable of
a torus knot. If (K; r) (r =∞) is a Seifert fibered manifold, then any factor knot of K is a
torus knot.
In particular, if a periodic knot K is hyperbolic and a factor knot of K is also hyperbolic,
then K has no Seifert fibering surgery.
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We then turn to the Seifert fibered manifolds obtained by Dehn surgery on periodic
knots. Let M be a Seifert fibered manifold. Identifying each fiber to a point, we obtain a
surface which has naturally a 2-orbifold structure so that an exceptional fiber of index n
corresponds to a cone point of index n. We denote a 2-orbifold which is topologically X
with l cone points of indices n1, . . . , nl by X(n1, . . . , nl). We call such an orbifold the base
orbifold of M . Since H1((K; r)) is cyclic, if (K; r) is a Seifert fibered manifold, then the
base orbifold is topologically the 2-sphere S2 or the projective plane RP 2.
Theorem 1.3. Let K be a periodic knot which is not a torus knot. Then (K; r) cannot be
a Seifert fibered manifold over RP 2. In particular, it cannot be a prism manifold.
Remark. The 16/3-surgery on the right handed trefoil knot gives a prism manifold.
Assume that (K; r) is a Seifert fibered manifold with base orbifold S2(n1, . . . , nl). Since
H1((K; r)) is cyclic, the greatest common divisor (n1, . . . , nl) equals one. If K is a torus
knot, then l  3 and (ni , nj ) = 1 for some i, j [16,6]. On the other hand, we can find a
hyperbolic knot K yielding a Seifert fibered manifold with base orbifold S2(n1, n2, n3)
such that (ni, nj ) = 1 for any i, j (e.g., S2(6,10,15)) from a family of knots given in [5].
(It is conjectured that the number of cone points does not exceed 3.) The following theorem
shows that such Seifert fibered manifolds cannot be obtained by Dehn surgery on periodic
knots.
Theorem 1.4. Let K be a periodic knot in S3. Then (K; r) cannot be a Seifert fibered
manifold with base orbifold S2(n1, n2, n3) such that (ni , nj ) = 1 for any i, j .
This paper consists of three sections. In Section 2 we prove basic lemmas about Seifert
fibering surgery on knots with period 2. The theorems in Section 1 are proved in Section 3.
2. Dehn surgery on factor knots
Let K be a periodic knot with a periodic automorphism f of period 2. Assume that
(K; r) is Seifert fibered, where r = m/n ∈ Q. We also assume that K is neither a torus
knot nor a cable of a torus knot. Let N(K) be an f -invariant tubular neighborhood of K
in S3. Then we have a Z2-action on E(K) = S3 − intN(K) generated by f |E(K). We
denote by f¯ a periodic extension of f |E(K) over (K;m/n), which has also period 2. We
write L= Fix(f ). Since K ∩L= ∅, we consider that L is contained also in (K; r). Then
Fix(f¯ )= L if m is odd and Fix(f¯ )=K∗ ∪L if m is even, where K∗ denotes the dual knot
of K (i.e., the core of the filling solid torus) in (K; r).
The following is essentially proved in [14].
Lemma 2.1. (K; r) admits an f¯ -invariant Seifert fibration.
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Proof. First suppose that (K; r) has an infinite fundamental group. Then, from the first
paragraph of the proof of [14, Theorem 1.5], (K; r) possesses a geometric structure
modelled onE3,Nil,H 2×R or S˜L2R. If it admits theE3-geometry, by [14, Lemma 5.4]K
is the trefoil, which contradicts our assumption. Under the other geometries (K; r) admits
an f¯ -invariant Seifert fibration by [11, Theorem 2.2 and p. 289].
Next suppose that (K; r) has a finite fundamental group. Then [14, Lemma 5.7],
combined with the Thurston’s Symmetry Theorem [1,2], implies that (K; r) has an
f¯ -invariant Seifert fibration. ✷
In the following we let a Seifert fibration on (K; r) to be an f¯ -invariant one. Since K
is not a torus knot, K∗ cannot be a fiber of (K; r). If the axis L is a fiber of the fibration,
then K is a torus knot or a cable of a torus knot by [14, Proposition 5.1]. This contradicts
our assumption. Hence we have:
Lemma 2.2. Neither K∗ nor L is a fiber in (K; r).
Let π : (K; r)→ B = S2 or RP 2 be the Seifert fibration and f̂ :B → B a homeomor-
phism induced from the fiber preserving homeomorphism f¯ : (K; r)→ (K; r). Since f¯
has period 2, the induced map f̂ has period at most 2.
Lemma 2.3.
(1) If B = S2, then f̂ :S2 → S2 is a reflection about a circle Cf ; Cf = π(Fix(f¯ )).
(2) If B = RP 2, then f̂ :RP 2 → RP 2 is an involution; Fix(f̂ ) consists of a point Pf
and a 1-sided simple loop Cf , and Cf = π(Fix(f¯ ))= π(K∗ ∪L).
Proof. Let t be a fiber intersecting Fix(f¯ ). Since f¯ preserves the Seifert fibration
of (K; r), it follows that f¯ (t)= t and so π(Fix(f¯ ))⊂ Fix(f̂ ). By Lemma 2.2, t ⊂ Fix(f¯ ),
hence f¯ |t is a reflection of the circle t . The fact that f¯ reverses the orientation of t implies
that f̂ reverses the orientation of a neighborhood of the fixed point π(t). Thus f̂ is not the
identity on B .
Assume B = S2. Since f̂ = id, f̂ is a reflection of S2, and Fix(f̂ ) is a circle [4]. To
complete the proof of (1) it suffices to show π(Fix(f¯ )) ⊃ Fix(f̂ ). Let x be any point in
Fix(f̂ ). Then the fiber t ′ = π−1(x) is invariant under f¯ . Since f¯ |t is orientation reversing,
f¯ |t ′ is also orientation reversing. Hence t ′ intersects Fix(f¯ ). This means x ∈ π(Fix(f¯ )).
Next assume B = RP 2. Then the surjectivity of π∗ :H1((K;m/n))→ H1(B) ∼= Z2
implies that m is even. Hence Fix(f¯ )=K∗ ∪ L. Since f̂ = id, Fix(f̂ ) consists of a point
Pf and a 1-sided loop Cf [19]. The argument above shows that π(Fix(f¯ ))⊂ {Pf } ∪ Cf .
Since the image of each component of Fix(f¯ ) under π is not a point by Lemma 2.2, we
have π(Fix(f¯ )) ⊂ Cf . The converse inclusion follows from the same argument as in the
case B = S2. ✷
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Fig. 2.
We consider the following diagram (in which the vertical and the slanted arrows mean
Dehn surgeries):
S3
/f
S3/f = S3
(
K; m
n
) /f¯ (
K; m
n
) /
f¯ = (Kf ; m2n
)
The quotient K∗/f¯ is the dual knot of the factor knot Kf , so denote K∗f =K∗/f¯ . For
simplicity denote Lf = L/f¯ . Then Fix(f¯ )/f¯ = Lf if m is odd; Fix(f¯ )/f¯ =K∗f ∪ Lf if
m is even.
We divide into two cases: (I) the base space B = S2; (II) the base space B = RP 2. We
refer to the images of exceptional fibers under π as cone points in B .
Case (I). B = S2.
Let A be a tubular neighborhood of Cf in S2 such that f̂ (A)= A. Let DN and DS be
the two disks of S2 − intA. The action of f̂ gives a one-to-one correspondence between
the set of cone points in DN and that in DS . So let k be the number of cone points in DN .
We divide configurations of cone points in S2 into three cases: k = 0, k = 1, and k  2.
See Fig. 2.
Lemma 2.4.
(1) If k = 0, then (Kf ;m/(2n))∼= S3.
(2) If k = 1, then (Kf ;m/(2n)) is a lens space ( = S3, S2 × S1).
(3) If k  2, then (Kf ;m/(2n)) is a connected sum of k lens spaces each of which is
neither S3 nor S2 × S1.
Remark. In the proof of Theorem 1.2 we shall see that k  2 implies k = 2.
We obtain the following in the course of proving the lemma above.
Lemma 2.5.
(1) The quotient VA = π−1(A)/f¯ is homeomorphic to a solid torus.
(2) After cutting (VA,Fix(f¯ )/f¯ ) by some meridian disks of VA, we obtain rational
tangles. That is, Fix(f¯ )/f¯ in VA is ‘a Montesinos link in a solid torus’ with at most
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Fig. 3. Bi are rational tangles.
two components; see Fig. 3. In particular, if Cf contains no cone points, Fix(f¯ )/f¯
is a (l,2)-cable of VA for some l.
Proof of Lemmas 2.4 and 2.5. We have the decomposition:
(K;m/n)/f¯ = (π−1(A)∪ π−1(DN)∪ π−1(DS))/f¯
= π−1(A)/f¯ ∪ (π−1(DN)∪ π−1(DS))/f¯
= VA ∪ π−1(DN).
Let us show VA ∼= S1 × D2. First we cut the annulus A into f̂ -invariant rectangles
∆1, . . . ,∆x so that each ∆i contains at most one cone point; ∆i ∩∆i+1 (i = 1, . . . , x mod
x) is an arc γi . Since Cf = π(Fix(f¯ )) (Lemma 2.3(1)), the restriction of the orientation
preserving involution f¯ to the solid torus π−1(∆i) has a non-empty fixed point set. This
implies that Fix(f¯ ) ∩ π−1(∆i) consists of two unknotted arcs ti,1 and ti,2 in π−1(∆).
Thus (π−1(∆i), ti,1 ∪ ti,2)/f¯ is a rational tangle. These rational tangles are glued together
along the disks π−1(γi)/f¯ , so that VA = π−1(∆1)/f¯ ∪ · · · ∪ π−1(∆x)/f¯ is a solid torus
(Lemma 2.5). ✷
The argument above also shows that VA and the Seifert fibered manifold π−1(DN)
are glued in such a way that a regular fiber of π−1(DN) is identified with a meridian
of VA.
If DN contains no cone points (i.e., k = 0), then π−1(DN) is a fibered solid torus
without exceptional fibers, and hence (Kf ;m/(2n))= VA ∪ π−1(DN) is homeomorphic
to S3. If DN contains exactly one cone point (i.e., k = 1), then π−1(DN) is a fibered solid
torus with an exceptional fiber, and hence (Kf ;m/(2n)) is homeomorphic to a lens space
other than S3, S2 × S1. Now let us assume that DN contains k( 2) cone points. Then
(Kf ;m/(2n))∼= VA∪π−1(DN) is a connected sum of k lens spaces other than S3, S2×S1
by [12, Claim 5.3] or [9, Theorem 3] (Lemma 2.4). ✷
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Case (II). B =RP 2.
Recall that Fix(f̂ ) consists of a point Pf and a 1-sided simple loop Cf (Lemma 2.3).
Let D be an f̂ -invariant disk in RP 2 − Cf which contains all the cone points in B − Cf .
Let α1 be the index of the fiber π−1(Pf ).
Let A be the Möbius band RP 2 − intD. Then we obtain the statement similar to
Lemma 2.5 just by following the proof of Lemma 2.5.
Lemma 2.6.
(1) The quotient VA = π−1(A)/f¯ is homeomorphic to a solid torus.
(2) Fix(f¯ )/f¯ = K∗f ∪ Lf in VA is ‘a Montesinos link in a solid torus’ with two
components. That is, after cutting (VA,Fix(f¯ )/f¯ ) by some meridian disks of VA,
we obtain rational tangles. In particular, if Cf contains no cone points, Fix(f¯ )/f¯
is a (2l,2)-cable of VA for some l.
Lemma 2.7. Suppose that (K;m/n) is a Seifert fibered manifold over RP 2 with q
exceptional fibers (q  1) of indices α1, α2, . . . , αq ; possibly α1 = 1, but αi  2 for i  2.
Then |H1((K;m/n))| = 4α1 · · ·αq (i.e., m = 4α1 · · ·αq) and the indices of exceptional
fibers are distinct from each other.
Proof. The fundamental group of (K;m/n) has the following presentation [10]:
〈
a, c1, . . . , cq, t | ata−1 = t−1, ci tc−1i = t, cαii = tβi , tb = a2c1 · · ·cq
〉
.
A computation of the determinant of the presentation matrix of the abelianization shows
the first assertion.
To show the second assertion, assume for a contradiction that there is a pair of
exceptional fibers of the same index; without loss of generality we may assume that
α1 = α2 = α  2. Put t = 1, c3 = · · · = cq = 1; then the abelianization is the non-cyclic
group Zα ⊕Z2α . This contradicts the fact that H1((K;m/n)) is cyclic. ✷
If D contains a cone point other than Pf , then (K;m/n) has two exceptional fibers
of the same index. This contradicts Lemma 2.7, and hence D contains at most one cone
point Pf .
Lemma 2.8. (Kf ;m/(2n)) is a lens space such that |H1(Kf ;m/(2n))| = 2α1.
Proof. We have the decomposition:
(K;m/n)/f¯ = (π−1(A)∪ π−1(D))/f¯ = π−1(A)/f¯ ∪ π−1(D)/f¯ .
Note that since π(Fix(f¯ )) = Cf (Lemma 2.3 (2)), f¯ acts on π−1(D) freely. This
together with the fact that D contains at most one cone point Pf implies π−1(D)/f¯ ∼=
S1 × D2. Let t be a fiber π−1(x), x ∈ ∂D, which wraps α1 times along the core fiber
π−1(Pf ). Since f¯ (t) = t , the quotient map sends t homeomorphically onto a simple loop
t ′ on ∂(π−1(D)/f¯ ) which wraps 2α1 times along the core. Since (Kf ;m/(2n)) is obtained
by gluing two solid torus VA and π−1(D)/f¯ along their boundaries so that the loop t ′
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bounds a meridian disk of the solid torus VA, it is a lens space whose first homology group
has order 2α1. ✷
3. Proof of theorems
We proceed in the order of Theorems 1.3, 1.2 and 1.4.
Proof of Theorem 1.3. Express r = m/n, where m and n are relatively prime. Assume
that (K;m/n) has the base space RP 2; then m is even. We first obtain a contradiction
by assuming that K is neither a torus knot nor a cable of a torus knot. By Theorem 1.1
the period of K is 2. We are now in the setting of case (II) in Section 2. It follows from
Lemma 2.8 that |H1((Kf ;m/(2n)))| =m/2 equals 2α1. Applying Lemma 2.7, we obtain
α2 = · · · = αq = 1, so that (K; r) contains at most one exceptional fiber π−1(Pf ) of
index α1. Then, by Lemma 2.6 the 2-component link K∗f ∪ Lf is a (2l,2)-cable of the
solid torus VA = π−1(A)/f¯ . As shown in the proof of Lemma 2.8 (K;m/n)/f¯ = VA ∪
π−1(D)/f¯ , a union of two solid tori. The exterior, say X, of Fix(f¯ )/f¯ in (K;m/n)/f¯ is
the union of VA − intN(K∗f ∪ Lf ) and the solid torus π−1(D)/f¯ . If X is Seifert fibered,
then the exterior of Fix(f¯ ) = K∗ ∪ L in (K;m/n) is also Seifert fibered. This exterior
coincides with the exterior of K ∪ L in S3. Thus K is a torus knot, which contradicts
the assumption of Theorem 1.3. If X is not Seifert fibered, then each component of ∂X
is compressible in X. This implies that the rotation axis L in S3 bounds a disk disjoint
from K , which contradicts the fact f (K)=K .
Then assume for a contradiction that K is a cable of a torus knot. Then by [13,
Theorem 2] K is a (6p ± 1,3)-cable of a (p,2)-torus knot or a (2pq ± 1,2)-cable of
a (p, q)-torus knot. However, since (6p ± 1,2) = 1 and (6p ± 1,p) = 1, Lemma 3.1
below shows that a (6p± 1,3)-cable of a (p,2)-torus knot is not periodic. Similarly since
(2pq ± 1,p)= 1 and (2pq ± 1, q)= 1, a (2pq ± 1,2)-cable of a (p, q)-torus knot is not
periodic. ✷
Lemma 3.1. Let K be an (r, s)-cable of a (p, q)-torus knot. If K has period x , then x|r
and either x|p or x|q .
Proof. It is known that a periodic map of a cable of a torus knot is a rotation of a core of a
companion solid torus [18]. Then the companion torus knot also has period x; this implies
x|p or x|q . Since the (r, s)-cable is invariant under 2π/x-rotation of the companion solid
torus, we have x|r . ✷
Proof of Theorem 1.2. Express r = m/n. From Theorem 1.3, the base space B of
(K;m/n) is the 2-sphere. By Theorem 1.1 K has period 2. Then we are in the setting
of case (I) in Section 2. As in Lemma 2.4 we divide into three cases according to the
configuration of cone points in B; see the paragraph above Lemma 2.4 and Fig. 2. Recall
that as shown in the proof of Lemma 2.4, (Kf ;m/(2n))= VA ∪ π−1(DN), a union of a
solid torus and a Seifert fibered manifold over a disk with k cone points.
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If k = 0, then (Kf ;m/(2n))∼= S3 by Lemma 2.4(1). Then Kf is a trivial knot by [8].
Suppose k = 1; then by Lemma 2.4(2) (Kf ;m/(2n)) is a lens space. Let us show that
Kf is a torus knot. Assume for a contradiction that Kf is not a torus knot. By the Cyclic
Surgery Theorem [3] m/(2n) is an integer. It follows that n= 1 and m is an even integer.
Then, by Lemma 2.5 Fix(f¯ )/f¯ =K∗f ∪Lf is a 2-component Montesinos link in the solid
torus VA = π−1(A)/f¯ ; see Fig. 3. Then, K∗f is either isotopic to a core of VA or a local
knot in VA, i.e., a knot contained in a 3-ball in VA, depending on whether π(K∗) = Cf
or not. In the former case, we have (Kf ;m/(2n))−K∗f ∼= intπ−1(DN) ∼= int(S1 ×D2).
This implies that Kf is a trivial knot, a contradiction. In the latter case, K∗f is a local knot
in the lens space (Kf ;m/(2n)). This implies that S3 −Kf has a lens space summand, a
contradiction.
Now we assume that k  2; then by Lemma 2.4(3) (Kf ;m/(2n)) is reducible. From [7]
m/(2n) is an integer, and so n = 1 and m is an even integer. Then as in the case k = 1,
K∗f is either isotopic to a core of VA or a local knot in VA. In the former case, we have
S3 −Kf = (Kf ;m/(2n))−K∗f is homeomorphic to (Kf ;m/(2n))−VA = intπ−1(DN),
which is a Seifert fibered manifold over the disk with at least two exceptional fibers.
Therefore Kf is a torus knot in S3, in particular we have k = 2. Suppose that the latter
case occurs. Then K∗f is a local knot in the reducible manifold (Kf ;m/(2n)). Therefore
S3 −Kf is reducible, a contradiction. ✷
We start with the following fact for the proof of Theorem 1.4.
Lemma 3.2. Let M be a Seifert fibered manifold with base orbifold S2(n1, n2, . . . , nl). If
(ni, nj )= d  2 for some i = j , then there is an epimorphism from H1(M) to Zd .
Proof. Let us assume, without loss of generality, that (n1, n2)= d  2. The fundamental
group π1(M) has a presentation〈
c1, c2, . . . , cl, h | cihc−1i h−1 = 1, cni = hmi , hb = c1c2 · · ·cl
〉
.
Add relations h= 1, c3 = · · · = cl = 1; then the abelianization has the presentation
〈c1, c2 | n1c1 = 0, n2c2 = 0, c1 + c2 = 0〉 ∼= 〈c1 | n1c1 = 0, n2c1 = 0〉.
This group is isomorphic to Zd . ✷
Proof of Theorem 1.4. We first show that torus knots and cables of torus knots satisfy
Theorem 1.4. Regarding torus knots, the theorem follows from [16,6]. So suppose that
K is a cable of a torus knot with (K; r) Seifert fibered for some r . If (K; r) contains
an essential torus, then K is a (2pq ± 1,2)-cable of a (p, q)-torus knot by Theorem 1.2
in [12]. However, this knot is not periodic (Lemma 3.1). If (K; r) contains no essential
torus, then (K; r) ∼= (K ′; r ′) for some r ′, where K ′ is the companion torus knot of K .
Therefore, Theorem 1.4 holds for K .
Assume that K is neither a torus knot nor a cable of a torus knot. Then K has period 2
(Theorem 1.1). For a contradiction assume that (K; r) is a Seifert fibered manifold with
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base orbifold S2(n1, n2, n3) such that (ni, nj ) = 1 for all i and j . Since (n1, n2, n3)= 1,
not all divisors (ni, nj ) are even. It follows that (ni , nj ) is odd and greater than 1 for some
i = j . Then |H1((K; r))| 3 by Lemma 3.2.
Claim 3.3. ni = nj for some i = j .
Proof. Express r =m/n where (m,n)= 1. Note that we are in the setting of case (II) in
Section 2. Since m = |H1((K; r))|  3, we see that |H1((Kf ;m/(2n)))|  2. Hence, it
follows from Lemma 2.4 that k = 1. This implies that the base space S2 contains a pair of
cone points of the same index (Claim 3.3). ✷
Claim 3.3 shows that we obtain n1 = n2 without loss of generality. This implies that
(n1, n3)= 1, a contradiction. Theorem 1.4 is proved. ✷
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